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ABSTRACT 


The aim of this dissertation is to classify the 
Veco @ecee tcc. censor. JP Uneprer "I; a brier resume of 
spinor alieepra and spinor analysis is’ given. “Chapters II 
end ieee the classification of the-Weyil tensor* and of 
a real vector, respectively. ~ The tracefree Ricci tensor is 
classim.ed-in) Chapter’ Tif By™a spinor method. ~The final 
ehapter’ contains’ an application of this classification. 
Necessary and sufficient conditions are found for the geometry 


of space-time to have a real scalar field as its source. 
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INTRODUCTION 


In this thesis, the tracefree Ricci tensor will be 
classified by a method similar to the spinor method used in 
Ghe Petrov classification of a Weyl tensor. The Petrov 
classification has found wide applications in connection with 
the propagation of gravitational fields. We shall give an 
example to show how the analogous classification of the trace- 
free Ricci tensor can be used in geometrodynamics. 

An introduction to spinor algebra and spinor analysis 
teveiver in Chapter Il. No attempt is made to prove the results 
Oletniiac CGnapuer, but frequently we shall indicate how the 
results may be derived. 

In Chapter II, we review the Petrov classification of 
the Weyl tensor as a means of introducing the spinor method of 
G@lassification. In Chapter III, a real vector is classified by 
this method. 

The main result of this dissertation is achieved in 
ChepterslViwith the classification of the tracefree Ricci tensor. 
Four distinct classes are established, with each of the first 
three discussed in some detail. 

Asustieapplicatcon of this) olassification, we find 


necessary and sufficient conditions for the geometry of 
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space-time to have a real scalar fleld as its source. These 
eonditions are derived using spinor techniques. Similar 
conditions were derived by R. Penney and D. R. Brill. However, 
ney assumed that the Ricci scalar, K, was positive; in addition, 
the differential conditions they obtained vanish identically 

for R=0. The conditions on the geometry obtained in this thesis 


are nval id eforesa 1) -values..ofeR. 
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CHAPTER I 


A BRIEF REVIEW OF SPINOR ALGEBRA 
AND SPINOR ANALYSIS 


i. JIntroduction: 

In this chapter we shall give a brief introduction to 
spinor algebra and spinor analysis. In Section’ 2, some ofthe 
notation used in this and the following chapters is explained. 
Section 3 contains the definition of spinors and their corres- 
ponding transformation laws. Some spinor algebra is discussed 
in Section 4. The definition of a dyad, dyad components, and 
dyad transformations is also given. The correspondence between 
tensors and spinors-is given in™Section 5. Some important 
spinor equivalents are also listed. In the final section, we 
briefiy discuss the covarBantrderivative in spinor form, and 
define spin coefficients. Some important spinor differential 


relations are given. 


2an-Notation: 

Let us briefly explain the notation used in this and 
the following chapters. Small Greek letters will be used for 
tensor indices, and will run from 1 to 4. Capital and small 
Latin+eletters.will,be.used’' to denote spinor indices and dyad 
indices, respectively; they will run from 1 to 2. The summation 
convention applies throughout. A bar over a quantity represents 


the complex conjugate of that quantity. Round brackets enclosing 
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suffixes will be used for symmetrization, and square brackets for 
antisymmetrization. 
The Levi-Civita alternation symbol, in two dimensions, 


is designated by e« It is specified by the equation, 


AB* 


3 Bi ekits 


AB = Er AB]? with E15 
The signature of space-time is taken to be -2. The 
sign of the Riemann tensor is specified by the Ricci identity 


“ 6 
ra 8 ly = 1/2 R yap 6? 
where he denotes the covariant derivative. The Ricci tensor is 


defined by 


ap c 


ana the Ricei scalar by 
R= R 


Einstein's field equations are taken to be 


Rug - 1/2 Rog = -T Ye? Ce) 


where te is the energy-momentum tensor. 


B 
3. opanors : 

In this section, we shall define spinors and investigate 
their transformation laws. [1, 2]. 

With each point of space-time let there be associated 
a 2-dimensional complex vector space S, where the vectors are 
transformed by unimodular linear transformations: 
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This space is called spin-space, and the vectors are called con- 
travariant l-spinors, or just spinors. 
An element in the complex conjugate space of § is 
distinguished by placing a dot over the index, 
ow eS; 


i parvicular . 


The transformation (1.2) induces the transformation 
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Let T be the dual space of S, and let P, be any element 


A 
Of JO annem \P ..and ne are related by the mapping 


A 
Spt rey, | (i) 
Foe (1.3) 18 6qtivalent to 
PehageegcaserDaepe (1.4) 
Pa is called a covariant l-spinor. 
aah # ee is defined by the relationship 
Beh. 2) oe 
hs ee eae 
which is equivalent to 
G Be Beg 
Sauk ne 


then the transformation (1.2) induces the transformation 


a ned Wes: (1,5) 
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Py represents an element of ~The relation (1.5) 


induces the transformation 


rl 


nig 

Spinors of higher orders are obtained by considering 
Venous Gartesian cross products of S&S, S. T, and T. For example, 
eae denotes an element of SX TX T X S. These higher order 
spinors transform in the same way as products of one-index spinors 
with the same indices; 


AW, ee A Ey ne Z, CY °° 
ap * e e ‘i 
BX... Sager Be 


Diver 
Spinors with P indices of the same kind (either dotted 
or undotted) are called P-spinors. A spinor with P indices of 


one kind and Q indices of the other is called a PQ-spinor. A 


PP—-spinor is Hermititan=i1f it is equal to its complex conjugate 


transpose: 
° . Se ee ee ° ® 
pi: ° -ApX]- e “Xp S, pX1- ° -XpAl- ° Ay = TA: ° “ADK: . Xp. 
4... Spinor Algebra and Introduction of a Dyad: 


We shall develop some spinor algebra, introduce a dyad 
into spin-space, and define dyad components. Dyad transformations 
will also be discussed. 


From Eqs. (1.3) and (1.4), we have 
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= (0), (a7) 


The Levi-Civita symbol satisfies the equation 


EarBecp] = ots Gls 73 


Contracting Eq. (1.7) with an arbitrary 2-spinor ose implies 


i C 


and hence 
ae owe DW (sop 


Iba 


then from Eq. (1.8), we obtain 


Z C 
Poy ee, rp ® EapPos - (leo) 


Tieretore, two spinors Py and Sa are proportional, if and only dete 


We can take any two spinors Ky and My » which are not 


Dropertional, to form a basis for spin-space. If Ky and m, are 


normalized so that 


then Eq. (1.9) gives the fundamental relationship 


kK )Mp - mK, = Ean > ee) 


which is equivalent to 


B B 
k,m - mk One 


With this basis, we introduce the generic symbols 
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€ has the same numerical values as ¢€ 


ab AB* 


irae spinor Dasuss Ae: is called a dyad. The "dyad 


indices" are raised and lowered with the aid of ¢€ as follows: 


ab 
abo, aby A 
is = SD 
This is equivalent to 
A _ aA 
Sy WF © fap 
Explicitly, we have 
1A AME ath 
C = 5 = tu 
and 
OA 4 AR mw, 
a 54 = ko. 
Any spinor, Ln» can be written as 
A Bae 2 or: 
an = Ky amet my; = & Con? Cali ryae 


where Je and ee are defined as the dyad components of Rye Using 
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The dyad components of an arbitrary spinor are defined as 


abwx... _ aA bBowWoxX ; 
. mek Ss ae 
These dyad indices are raised and lowered, in the obvious way, 


with Sh 


For a unimodular dyad transformation 


k! as) k 
aa Sebo, = ds (10a) 


A] ; 


the normalization of the dyad is preserved: 
tm ioe. 
k,m = jl. 


The Matrix, A, in Eq. (1.13) can be decomposed into the product of 


three matrices as 
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Therefore, the transformation (1.13) can be generated from a trans- 


formation of the form 
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These transformations [Eqs. (1.14) - (1.16)] will be interpreted, 


in tensor form, in the next section. 


In this section, we shall give the correspondence be- 
tween spinors and tensors and shall list some important spinor 
equivalents. 
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We shall assume that, at any point, the o's can be transformed 
into the above set. 
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Therefore, the spinor equivalent of a real tensor is Hermitian 
and conversely. 

We shall list some important spinor equivalents, and 
briefly indicate how they may be obtained. 
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have the symmetries of the Weyl tensor. The corresponding spinor, 
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From Eqs. (1.26) and (1.22), we have 
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there corresponds two spinor indices, (one dotted and one undotted), 
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and hence the transformation -Ly 
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transformation in Ry as +L), . Therefore, there is a 2-1 corres- 


pondence between the proper homogeneous Lorentz group in Ry» and 


the group of unimodular linear transformations in S. 
This 2-1 relationship can easily be seen from the 
correspondence (1.33) by noting that the null tetrad is invariant 


When the matrix A in Eq."\g.130"gs replaced by -A. 
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In this final seetion,awe Shall introduce the spinor equiv- 
alent of the covariant derivative, define spin coefficients, and 
translate some important tensor differential relations into spinor 
form. 
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Clearly, D and A are real operators. 
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is equivalent to 
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(11) The Ricei identity becomes 
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(iv) Maxwell's equations, in spinor form, is the 
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of their dyad components, (using the Newman-Penrose conventions), 
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components; the directional derivatives, and the spin coefficients. 


These equations can be found in references [1, 3]. 
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CHAPTER II 


CLASSIFICATION OF THE WEYL TENSOR 
BY THE SPINOR METHOD 


In this chapter, we shall classify the Weyl tensor, 


CuBys? by the spinor method. From Eq. (1.29), we see that a 


Weyl tensor determines a Weyl spinor and conversely. We shall 


Classify the Weyl tensor, by classifying the Weyl spinor, ¥ ABCD: 
The Weyl spinor can be written in terms of the basis, 
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We vchall identify ¥ ABCD? by its components; 
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The transformations of the dyad components for the 
rans tormation equations (1.24), (€7.15), and (1.16) can be found 


in reference [4]. 
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The 1l-spinors in Eq. (2.5) are determined to within 
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is the canonical form for a type N Weyl spinor. 
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CHAPTER III 


CLASSIFICATION OF A REAL VECTOR 


De seerOaueuLon : 

In this chapter, we shall use the spinor method to 
classify a real vector. We amet st expand the spinor 
equivalent of this vector in terms of a basis, and then give 


the fundamental transformation laws for its dyad components. 


2. Basis and Transformation Laws: 


The spinor equivalent of a real vector, Tye is an 


since ° is Hermitian, we can use the 


Hermitian spinor, T AW 
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basis (1.34) to obtain 
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From Eq. (3.3) and the correspondence (1.33), we obtain 
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will be used to distinguish between null, space-like, and time-like 


vectors. 
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Therefore, from Eq. (3.8) we see that 
(i) there is one and only one null direction 

perpendicular to any given null vector. 
This direction is also parallel to the null 
vector. 

(11) for a space-like vector, any point on the 
circle (3.8) determines a null direction 
perpendicular stow oe 


(i111) no null vector is orthogonal to any time- 
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vector. 
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CHAPTER IV 


CLASSIFICATION OF THE TRACEFREE RICCI TENSOR 


i. Introduction: 
ime this chapter, we shall classify the tracefree Ricci 


tensor. From Eq. (1.32), we see that Sag determines and is 


determined by the tracefree Ricci spinor ® apy: ® BWx will be 


classified by the spinor method. There will be four main classes. 
Each will be displayed ina table at the end of Section 2. 

Various subclasses will be considered in Sections 3, 4, and 5. 

The canonical form of the tracefree Ricci spinor will be given 


for each subclass. 


pao Co secs fication: 
iieoiss gect ron, thestracet ree Ricci spinor will be 
written in terms of its dyad components; the spinor method will 


be used to classify 6 and a table will be given to illustrate 


ABWX? 
the various classes. 
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Class IV: T AW and Paw are non-Hermitian and not conjugates 
of each other. 
The following table will be used to illustrate the 
equations satisfied by ® ABW and g(S) in each of the above classes. 


Classes 1[, [15 and lid ewill be discussed'in some 'detail in the 


following sections. 
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3. SOlass Ls 
In this section, a class I tracefree Ricci spinor will 
be analysed in some detail. Six subclasses will be considered, 


and for each subclass the .canoniealformeof. > willl be given. 


ABWX 
A table will be used to illustrate these subclasses. 
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is. Class el L: 
In this section, a class II tracefree Ricci spinor will 
be analysed. Various subclasses will be listed in a table at the 


end of the section. For each subclass, the canonical form of 


® a BWX will be found. 
With ®,pyy in class II, Eq. (4.7) reduces to 
osu = S(T rv Pay)s (4s) 
which is equivalent to 
g(S) = PS)P(s). 


(Obviously T(S) and P(S) are real, since Tay and Pay are Hermitian). 
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This factorization 1s unique up to an interchange of T(S) and 
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This set of equations is invariant under an interchange of T(S) 
and P(S), and under a transformation (4.16). For the degrees 


of freedom in the factorization of g(S), the sign of T.T%, P_P®, 
aa a | 
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is invariant. 
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The following table lists the various subclasses of 
a class Il tracefree Riccl spinor. . These subclasses are dis- 


tinguished by invariants. The simplest forms that both TW and 
P aw can assume are listed and the proofs are given in Appendix II. 
The canonical forms of ® spyx Can be found from ha. (8.17). 
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S. Class Ile 
A class III tracefree Ricci spinor satisfies the 


equation 


®aBWx = (4.19) 


We require that Ta is not simply a product of a complex number 


times an Hermitian spinor, for if this were the case, Eq. (4.19) 


would reduce to Eq. (4.11) and then ® s BWx would*also be in class I. 
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(Ry» Ry> and R, are defined as Rii> Rj5, and Ros respectively; 


and similarly for QQ» Q)> and Q5). 
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factorization of g(S), we can assume, without loss of generality, 


a 
that Raw and Q AW are orthogonal. For if RY, # 0, we can make 
Se0uweney rotation (4.21) and obtain 
toe 8 Fs a ao, 
Ria L/2 (ROR Q,2 ). sine 6. + Ro cos26. 


By choosing 
Z oO 0. fo] 
@ = 1/2 arecot{(Q.Q°- RR )/R,Q'}, 


we get 
a 
1O! = 
Rie On 
In view of what was said in Chapter III, with ase and 
Ae orthogonal, we need to consider only the following cases: 
(ul “R. space-like, @. null. 
a a 


Gil) Re space-like, Qy Space-like. 


LB ,0.* pApR + cog + gMghl SMe t's ae 
7 Caece* se aaa 

oe = oa ofS $ a 
(es. #) ‘Lee + che. eat 


aa 


gufevidoeqast gf DA ehF epi BS pentieh ie ge ae ’ 


oe oe J 
‘ (0 brs ¢ (0. «oto vias! 


? | ton Sw (O.8) Bink (SS.4) apa mot 


alhg0,0 + gf AS - ( °930)(" RA) 9,3 SNEDe = git oot 

saz nt fttoltaion erenaue 8 to mobsett sift oe 
«Utileteneg. to egol tuoddiw .smuses ms @W (23 to 
sadam miso gw .0 % "OF ti-xo% .fsnogonsro 91s wae brs 
: atsido bas (£5.40) nottsjow ytiiegh 


a 0 0 “on Py ae : 
“Seo A.A + OSate (79.9 - “A,A) S\é * i aa 


PO ACP REA ~ *p,9)}tovo18 S\E # 8 
0 = Pov : 
bne .f ddiw IIT rotqed> at btaa eaw tadw blah r ¢ 


:8ee85 gittwol [5% ee Ene aobitenos: oF beet ¢ ow ek 


ry ) . 
ofan a? 1 otbi =a Dba. A CL «i 


4 - La ive 
| sail f-2onge 9 he f (hy a 
hoe ‘asian 
er. 

rune 


~ 4S ~ 


wii) Ry Space-like, Q, time-Itke. 
These cases can be distinguished by an invariant. Let us define 
T= (TPP Bor 7%) rTP) (4.26) 
oO, a B 4 
wnere Tow F + 19.. (See Eq. (4.22)). Then, since R, and Q, 


are” perpendicular, 
T = 4(RUR*)(Q,0°). 
Therefore, for the above three cases, we have 
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(A\it = 0 {ff < G, RB = 0 


(4i}] Poo terete = a Pe < 6 
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(Pp? = pt ana P* = P Pp), 
a Qa 


From the definition (4.26), we can see that "I" is 
invariant under a duality rotation and an interchange of T(S) 
and T(S). 

The following table lists the various subclasses. The 


reduction of Raw and QaW to their simplest forms can be obtained 


by considering, the corresponding subclasses of class II. The 


canonical forms of $¢ can be read off from the set of equations 


ABWX 


(hoa). 


nab gad Seabee: ng ud iced a 
Ca) On. - CRT 
“ bas f sonke nest ((SS,P) a set) et bit 


‘ : Ao 
Po.0) Pn ae es -j] j r a \ 


= ee avid ow .eseno gemdtt ovods sid to? 
| 


4 y o = "@.0 > °T wb 0 T (hb) 
. i o> %q Oy SR ate 0 .< T CER), 
(ao ag 0 < a 0 > Se sak 9 SS CHEE 
- ; j 
mye : | (°4.4.2 Sq bas 
| <i Da, 
- et’"I" tard 998 mo WwW (05.8) nobtintteb ods move 
‘a 
482 Xo sgnsdonetnt os big nolistot ytiieub s tebny dap! ee: 
e ae . | oe : mm : 


sat <iptediet Deki auobisy edi etell ofdsd ankwoL te? ott 
beckesdo. od aso emo? deotante ttond ot wa? bas | at 40. tn 


aif  .71 nests Ao poses fodue an tbaoqrowtoo wiidid 


7 ano! tnupe Vo Yer edt mort TI0 baot ed i1Ko Stein! ‘to. amie 


’ 


46 - 


oS CC clly 600% 


(26 Oo cll g «c0g aa 006) €°gq-III 


di 


(O “0 clly <c0y *¢ “00 


= Ilg 600% 


(0 <6 cIly «C04 OTe 004) 


(S\ECS)a- = (932 | TP gatits 
coe oe 
(22% <9 «TT «204 <4 <004) a 
a ee Lg 
(o fo &ble «696 <9 §Q) Z‘¥-III 
5 ete «20, 
€ 
(0 tg Ilg 6004 ee 6004) T° V-1T 
es eel ealt,. <20. 8% TO?) <0 
ey vy) W) vy) Wy) ?) MY¥ey pue MVy ssetoans 
SY ere y30q jo ($)3 go Jo 
WIOF TeoTuoUe) WIOW gseTduts | queTteauy UOT IeZTAO4OeY oueN 


(0:60 gp ego 9 cya) 
7 0 < pre ego? - . a2 
“@ <0 ort ae 8 Oe 2 | sar = 
| ae IB. 50 ghd Ogg) E,ARIT 
ae sere Eons a 
<_.: (O20 ep pO cog? eo «goo? (aya(ei= = (e)g'|/ r7e-ar1 
a | D> beh eagt ; 
ek (0.20 epp@ cog? 0 «9 G.a-itt 
; | ooh 7 : 
(get 20 ecrH xgg® <2 «gae? 1 qf @ | oT ae or 


= 


. 7 “ 7 ; . _ _ 
—— - a he e 7 —_ a 
re i oo. ee | 


WET 


CHAPTER V 


AN APPLICATION OF THE CLASSIFICATION 
OF THE TRACEFREE RICCI TENSOR 


is pintroduction : 

This chapter deals with an application of the classi- 
fication given in Chapter IV. In Section 2, we find necessary 
and sufficient conditions for the geometry of space-time to 
have as its source a real scalar field. [In DeCud Onias. bnes 6 
conditions are related to those obtained Dye eh. Brita, [5:)lgand 


R. Penney [6]. 


2. Real Scalar Field: 

The purpose of Geometrodynamics is to describe non- 
gravitational physical fields, as, for example, the electro- 
magnetic field, in geometric terms [7, 8]. The three basic 
approaches towards this goal are: the non-Riemannian theories, 
the five-dimensional theories, and the Jalready unitived™’ fle ld 
theory. 

We shall now consider an example of the "already unified" 
field theory by finding necessary and suffictent conditions on the 
geometry of space-time to have as its source a real scalar field 
oveaie ie 

If $¢(x) denotes the scalar field, then the Lagrangian 


is given by 
a8 
L = 1/2 g°FV,6V,9. 


From this we may easily deduce the equation of motion 
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ee’ Cem, 
and the energy-momentum tensor 
TAW3 Ss VbV eo - Bygh- C52) 


Veane Bo. (5.2) and Fa. (lel), we obtain 


ae -VioV 36. (oa) 
By defining 
ae = Vue? (5.4) 
Eq. (5.3) becomes 
Ryg = ~tgte> ) (595) 
and hence 
ss y 
Sug = an ap + 1/4 Bugty” ; (50a\) 


If we define p, = 1/ve ty» then Eq. (5.6a) becomes 


- iy 
a8 = -2P Pp ce yh EopPyP Cae) 


and therefore, 5S is in class [—-A. 


ap 
Conversely, if S48 is ,an class I-A, then we can find a 
vector p, which satisfies Eq. (5.6b). If we also require that 
R= -2p,p- = -tt"s Cn) 
theniebviously Eq. (5.5) is satisfied. 
A necessary and sufficient condition that there exist 
a funecionetcxwmsatistying Eq. 65.4) is 


aca =< (520)) 


This is clearly a geometrical condition, since Ly is uniquely 


ntadde ow .(f.£) «pi bas (s. ¢) pa re 
$5) Vo. j= an 


g BALD + gtgte: lage 


io ’ . wy S503 

; ae \ wee. ’ . al - ie - 
. | , _Bemered (s0.@) .pd sass ru SNE pu 
us : =. . , 
RPI ee Ua sage SS o8E aaa Hig? 

», rie pears -ArT eesto at BF ate ¢2 

-, 

; 7) ‘ban mB ow Medd .A-I aneio mt at a” BU eae 


7 ded pespe inal aw Tl]. .(di.@). pa oe a aobily. a oe 
oe) seshbie 3 iPtos-"s Pagas- <2 
. " pottetese ab (2.2) 8 
Petes eteds send rot tL prtos instoltive bre stim 
co oa ae a7 et (®.@): - pa ia: 
) ee 0-8 tated 
Phen sengane at? ) Sit Hot 2bn0% obese Se 


+ 
i 


= QO — 


determined (up to sign) by Sag: , must also satisfy the 


differential equation (5.1). However, from the Bianchi identity 
one Vi wiO)) sees. (5.7) and (5.8) we can easily see that Eq. 
(5.1) is a consequence of the geometry produced by the scalar 


Field, 


In conclusion, we then have that R g Satisries Hdpe (5.3) 
a 
ifvarid only if Su8 is in class I-A, and the vector ty determined 


by Sug Seupemies Hq. (Sof) fandetne comparibility conditions (5.8). 


3. Comparison of Tensor Conditions With Those Found in Section 2: 


The following necessary and sufficient conditions for 


RB to satisfy Eq. (5.3) were found by R. Penney [6]: 


R YR. = RR (5.9) 


ap (5 2:0») 
for arbitrary? time-like’ vectors Ne. (Gog is the Einstein tensor), 


R>0O Copal) 
and 


éy i. ) es a+ eh 
R Veg Va Ry a Cave yR Ni (5.12) 


Wessno.) see that Eqs. (5.9) and (5.10) imply that Sag 


is in class I-A, and that R is determined by Sy Cvopes Webatahe ly G@cih (a) ie 


B 
The condition (5.11) is not necessary and is not required 

for the physical situation as suggested by Penney. In Section e, 

WeTdi1arnot restrict the sign of R. Also, Eq. (5.12) is identically 
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also obtained Eqs. (5.9) and (5.12) for the geometrization, but 
Neelected topmention Eq. (5.10)... In his proof, he implicitly 
assumed that R was positive. 

We will now translate Eq. (5.9) into spinor form. Using 


t 
he spinor equivalents of Sag? Rup? and Fag? we get 


ah e e ee 2 t ean 2 = 
4Oaw ®ogny + ROapvy - 3/16 R eapeyy = 0- (5,43) 
In dyad components this is 
cy . 2 s 
10 oosps ts RO spwk 3/16 R fap wk ~ or (5.14) 


By considering different values of the dyad components, 


Eq. (5.14) gives the following set of equations: 


8b50%17 ee 8b51%10 + R$o9 = 0 (Gan tay 
409% 2 z 4osobgo TRO nes O (a0) 
8$o1%10 i 8b54b 0 + Royo = 0 (Sele) 


> 2 ES 
4631 — 4bq7% 0 - 45745, + Bbogboo - 3/16 RY + RO, = 0 


(56) 
Booiecse 4 foa%a, t Hee s28 (5.19) 
8o,4¢55 - 86,55, + Roo = 0. (5.20) 


Contracting the undotted and the dotted indices in Eq. (5.14), we 


get 
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Prom the transtormation laws, [Eq. (A.1) or {A.2)], for 


the dyad components, $¢ it is easy to see that we can choose a 
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frame where Poo = 0. In this frame, Eq. (5.17) implies that either 
%o1 or P10 ids zero, or both of them are zero. If dol = 0, then 
Eqs. (5.16), (5.19), (5.18) and (5.15) imply that ¢,, = 0 also. 

1 a Ue then? hqs.e (5.19) ,- Xia 6) 5.08) , anda 5.15). imply 

that %10 = 0. Therefore, in this frame, we have doo = 10 = P10 


= 0. The Eqs. (5.15)-(5.21) reduce’ to 


$59(8,, + R) = 0 (Seze) 
Nos, + 4b 9 %00 ~ 3/16 ao: R¢,, = 0 G55 2a) 
$55(86,, + R) = 0 (5.24) 
R° = 32/3 (do 9%55 + 265.) (Sas) 


Substituting Eq. (5.25) into (5.23), we obtain 
aay? cilia (Deesieg 


Since 6 To Trot 1dentically zero, Eqs. (5.26) and (5.23) imply 


ABWX 
that both %o0 and $55 cannot be zero; and hence, from Eqs. (5.22) 
and (5.24), we have R = -8$,,- Fq. (5.26) then says that Nos, = 
%o9%r> and, therefore, %o0 and O55 must have the same sign. 


Let us define an Hermitian spinor Paw &8 fio [lows 
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The. plus.sign.is used if»and.only if %o0 and do are non-negative. 
Pa0 and 55 determine the magnitude of Po and P., respectively. 14 
determines the relative sign of Po and Po: From the set of equations 
C14), wexsee that Sag is in class I (either I-A or I-B). We can 
also note that 
= ‘. z AW 

Ae reigns ish) ate 

in the frame where %Q0 = 0, and hence 
R = 25D (5°27) 

in any frame. 


Writing bq. (5.10) dn spinor form, we get 


aw,bx 
Nop he - 1/4 RE ape wx S) <0). (S20) 
By taking Sie = eee = 1 and ple = 0 then, in a frame where doo = 0, 
Eq. (5.28) reduces to 
~2(bo9 + 264, + 90) < 1/2 R. (5.29) 


Using R = -86,5 and the condition that bo0 and $,, be the same 
Signe we get from Eq. (5.29) that %oO0 and 55 must be non-negative. 


Therefore, Sag must be in class I-A and we must choose the negative 


sign in Eq. (5.27). By defining t, = Vep a> we therefore see that 


Eqs. (5.9) and (5.10) are necessary and sufficient conditions for 


Rie bo ssatistyaue. (5.5). 


An easy calculation shows that Eq. (5.12) is equivalent to 


Eq. (5.8) when R is not zero, and vanishes identically when R is 
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zero. We need not consider this lengthy expression since Eq. (5.8) 
Towa Cevmel ri cal conaition; and, in addition, holds for all values 
OL. 


We then have shown that Eq. (5.9) implies that Sug bedin 


Class) )Ci-Anor II-B), and the condition (5.10) *selects the class 
I-A. Eq. (5.12) is equivalent to the compatability conditions, 


Eq. (5.0) sawhen R 4.0. 
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APPENDIX I 


1. Transformation Laws for the Dyad Components of ® BWx! 


a 


(1) Null Rotation about k®; Eq. (1.13). 
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APPENDIX II 


Canonical Forms for Classes II-A to II-F: 
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